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Abstract 

Various models of simulating immiscible multiphase flow in a simple fracture intersection is compared numerically in this 

work. The first two models assume that the fractures can be treated as a type of porous media and fluid flow in fractures 

is therefore governed by Darcy’s law. The fractures are either gridded explicitly (equal-dimensional porous fracture model) 

to account for the fracture intersection or they are simplified as lower-dimensional entities (lower-dimensional porous 

fracture model) and fracture intersection is eliminated in the computational domain by using the star-delta transformation.  

Numerical results of equal-dimensional porous fracture model demonstrate that fracture intersection angle and the scale 

ratio of fracture length to fracture aperture can impact the multiphase flow behavior at fracture intersections but the effects 

of these factors cannot be captured by the lower-dimensional porous fracture model. A CFD study is then conducted to 

gain better insight into the problem by solving the Navier-Stokes equation coupled with Volume of Fluid (VOF) method. 

The results show that viscosity of the two phases can affect flow at the fracture intersection. When the two phases have 

the same viscosity, the equal-dimensional porous fracture model agrees qualitatively with CFD results but the  porous 

fracture  model is much more sensitive to viscosity contrast than what is predicted by CFD simulation. 

 

Keywords: Fracture modeling, Darcy’s law, Navier-Stokes equation, volume of fluid 
 

  

1. Introduction 

Modeling fluid flow and transport phenomenon in fractured geological formations is relevant to a number of technical areas such as 

management of underground water resources, prediction of contaminate transport in waste repository, exploration of geothermal  
reservoirs and enhanced oil recovery, etc. Many models have been proposed in the past several decades to address the challenges. In 

the petroleum engineering literature, for example, a widely used model is the dual-porosity  model which was originally proposed by 

Barenblat et al. [1] and subsequently developed by Warren and Root [2]. The dual porosity model was later extended to simulate 

multiphase flow in naturally fractured reservoirs by Kazemi et al. [3] and Thomas et al. [4]. The dual porosity model conceptualizes the 

inter-connected fractures and matrix blocks as two overlapping continua. The classical Darcy’s law is applied to each continuum and a 
transfer function is defined to account for mass transfer between the two systems. Other notable variations of the dual porosity model 

include dual porosity/dual permeability model [5] and multiple interacting continua method [6]. Since these continuum models 

homogenize the fracture networks as a continuum, they are best applied to reservoirs with dense and well-connected fractures. If the 

fracture network is sparse and poorly connected, the accuracy of these models will deteriorate.  

 
To model fluid flow in fractures more rigorously, the discrete fracture-matrix (DFM) is gaining popularity thanks to the progress made 

in fracture characterization technology and the increase in computing power. Geiger et al. [7] modeled multiphase flow in discrete 

fractures by gridding both fractures and surrounding matrix explicitly with triangular meshes. Because of the large contrast in size 

between fracture and matrix, very fine meshes are needed around the fractures. A more efficient way is to model the fracture entities as 
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(n-1)-dimensional objects embedded in n-dimensional matrix system as is done in [8-11]. Karimi-Fard et al. [12] proposed a control 

volume discrete fracture model where the discrete fractures are represented as lower-dimensional entity in the physical domain during 

gridding and then expanded to equal-dimensional object in the computational domain so that modeling fractures can be integrated into 

existing control-volume finite-difference simulators. Star-delta transformation is then used to eliminate the control volume at fracture 
intersections. All the fracture branches meeting at the intersection are then connected directly in the computational domain. Strictly 

speaking, the star-delta transformation is only exact for incompressible single-phase and errors will be incurred for multiphase flow. 

Moreover, geometric features of the fracture intersection such as intersection angles are lost during the transformation and their effect 

on flow is ignored. Another thing to be noted is that all the fracture models mentioned above assume that the fractures can be treated as 

a kind of porous media, which means that fluid flow in fractures can be described by Darcy’s law. Absolute permeability of fractures is 
often estimated by Poiseuille’s law of flow between two parallel plates with an effective hydraulic aperture. For multiphase flow, the 

concept of relative permeability is also used for fractures directly [13]. In theory, fluid flow in fractures is governed by the most general 

Navier-Stokes equation and to the best of the author’s knowledge, no work has been done to assess the validity of treating fractures as 

porous media for multiphase flow. The purpose of this work is then two-fold. First, we treat the fractures as porous media and investigate 

the effect of star-delta transformation on multiphase flow at the fracture intersections. Then we solve the Navier-Stokes equation directly 
and compare the results with the porous media-approach. The rest of the paper is organized as follows: Details of various mathematical 

models are given in the next section and results with discussions are presented in section 3 while conclusions are given in t he last 

section.  

 

2. Methodology 

2.1. Mathematical Models 
 

If the fractures are treated as porous media, immiscible oil-water two phase flow can be described by the following equations: 

 

𝜕(𝜙𝜌𝛼𝑆𝛼)

𝜕𝑡
= −∇ ⋅ (𝜌𝛼𝒗𝛼) +𝜌𝛼𝑞𝛼 , 𝛼 = 𝑜, 𝑤 (1) 

 

where 𝜙 is fracture porosity; 𝑆𝛼 and 𝜌𝛼 are saturation and density of phase 𝛼, respectively; 𝑜 and 𝑤 denote the oil phase and water 

phase, respectively; 𝒗𝛼  denotes the Darcy velocity of phase 𝛼 and 𝑞𝛼  is volumetric source of phase 𝛼. Velocity 𝒗𝛼  is related to the 

phase pressure gradient by Darcy’s law: 

 

𝒗𝛼 = −𝜆𝛼𝐾∇𝑝𝛼 (2) 
 

where 𝜆𝛼  is phase mobility and is defined by 𝜆𝛼 = 𝑘𝑟𝛼/𝜇𝛼. 𝑘𝑟𝛼 and 𝜇𝛼 are relative permeability and viscosity of phase 𝛼, respectively. 

𝑘𝑟𝛼 is usually assumed be functions of phase saturations 𝑆𝛼, 𝐾 is the absolute permeability tensor of the porous media, and gravity force 

is neglected here. To close the model, two additional constraints are required: 

 

𝑆𝑤 + 𝑆𝑜 = 1,𝑎𝑛𝑑 𝑝𝑜− 𝑝𝑤 = 𝑝𝑐(𝑆𝑤) (3) 
 

Where oil is assumed to be the non-wetting phase and water is the wetting phase. 𝑝𝑐 is the capillary pressure between the two immiscible 

phases. To solve the model numerically, we adopt the improved implicit pressure and explicit saturation method (IMPES) [14]. Oil 

pressure and water saturation is chosen as the primary variables and the model is formulated into a pressure equation and a saturation: 
 

−∇ ⋅ (𝜆𝑡𝐾∇𝑝𝑜) = 𝑞𝑡 − ∇ ⋅ (𝜆𝑤𝐾∇𝑝𝑐)

𝜙
𝜕𝑆𝑤

𝜕𝑡
+ ∇ ⋅ 𝒗𝑤 = 𝑞𝑤 (4)

 

 

Where 𝑞𝑡  is the total source term and is defined as 𝑞𝑡 = 𝑞𝑜 + 𝑞𝑤. In deriving the above equation (4), the incompressibility of fluid and 

porous media is assumed.  

 

The Two-point Flux Approximation (TPFA) finite volume method [15] is used to discretize the above equations. Flux of phase 𝛼 

between two control volumes 𝑖 and 𝑗 that share a common interface is approximated as follows: 

 

𝑄𝛼,𝑖𝑗 = ∫ −𝜆𝛼𝐾∇𝑝𝛼 ⋅ 𝒏𝑑𝑆
 

Γ𝑖𝑗

≈ 𝜆𝛼,𝑖𝑗𝑇𝑖𝑗(𝑝𝛼,𝑖 −𝑝𝛼,𝑗) (5) 

 

Where 𝒏 is the unit normal vector to the interface Γ𝑖𝑗;  𝑝𝛼,𝑖 and 𝑝𝛼,𝑗 is pressure of control volume 𝑖 and 𝑗, respectively; 𝑇𝑖𝑗 is static part 

of transmissibility and 𝜆𝛼,𝑖𝑗 is the mobility of phase 𝛼 evaluated on the interface Γ𝑖𝑗. The first-order upstream weighting is used to 

calculate 𝜆𝛼,𝑖𝑗. During each time step, the pressure equation is first solved implicitly for pressure at time level 𝑛 +1 while the saturation 

value is kept at the old-time level 𝑛. Then the water saturation of each cell is updated explicitly. For the method to be stable, the time 
step for saturation equation must satisfy the Courant–Friedrichs–Lewy (CFL) condition, see [15] for more details. 

 



Author et al. / Int. J. of Thermal & Environmental Engineering, 18 (2021) 79-88 

3 

For the lower-dimensional porous fracture model, fracture intersections are eliminated in the computational domain by using the star-

delta transformation. Fig. 1 shows four fracture segments intersecting at the common point 0. The Transmissibility between any of the 

two fracture segments are evaluated as: 

𝑇𝑖𝑗 =
𝑇𝑖0𝑇𝑗0

∑ 𝑇𝑘0𝑘

(6) 

 

where 𝑇𝑘0  denotes the transmissibility between k th fracture segment and the intersection node 0. The details of transmissibility 

calculation can be found in [12].  

 
 

 
Fig. 1. Star-delta transformation to eliminate fracture intersections 

To gain a deeper insight into the multiphase flow behavior at fracture intersections, we further conducted a CFD study 

using the commercial package Ansys Fluent. The built-in Volume of Fluid (VOF) is chosen to track immiscible oil-water 

two phase flow. The continuity equation for the volume fraction of each phase takes the following form: 

 

1

𝜌𝑞

[
 
 
 
 
𝜕

𝜕𝑡
(𝛼𝑞𝜌𝑞 ) + ∇ ⋅ (𝛼𝑞𝜌𝑞𝒗𝑞) =

𝑆𝛼𝑞
+ ∑(𝑚̇𝑝𝑞 − 𝑚̇𝑞𝑝)

𝑛

𝑝=1 ]
 
 
 
 

(7) 

 

where 𝛼𝑞 is the volume fraction of phase q; 𝜌𝑞  is density of phase q and 𝒗𝑞 is velocity of phase q. 𝑆𝛼𝑞
 is the source term 

and 𝑚̇𝑝𝑞 is the mass transfer from phase p to phase q. A single momentum equation is solved throughout the domain: 
𝜕

𝜕𝑡
(𝜌𝒗) + ∇ ⋅ (𝜌𝒗𝒗) =

−∇𝑝 + ∇ ⋅ [𝜇(∇𝒗 + ∇𝒗𝑇)] + 𝜌𝒈 + 𝑭 (8)
 

 

where the material properties are calculated by mixing rules. For example, fluid density takes the following form: 

 

𝜌 = ∑ 𝛼𝑞𝜌𝑞

𝑞

(9)
 

2.2. Results and Discussions 

We first compare equal-dimensional porous fracture model with lower-dimensional porous fracture model. The only difference 

between the two models is that the former model retains the fracture intersections in the computational domain while the latter model 

eliminates the fracture intersection using star-delta transformation. Two fractures intersect at angle α as is shown in Fig. 2, leading to 

four fracture branches numbered branch 1, 2, 3 and 4, respectively. Fig. 2 (a) shows the equal-dimensional porous fracture model while 

the lower-dimensional porous fracture model is shown in Fig. 2 (b). The fracture is assumed to be filled with oil initially and water is 

injected into the system through the face of branch 1 at constant rate Qinj=1×10-5 m3/s. Pressure at the face of branch 2, 3 and 4 are left 
at atmospheric pressure. All the rest of boundaries are simplified as impenetrable walls. Therefore, the contribution of rock matrix to 

fluid flow in fractures is ignored. The lengths of the four fracture branches are the same as 𝑙 and fracture width (aperture) is 𝑎. For all 

the tests presented below, we take a as 1mm. Absolute permeability of fracture is estimated as 𝑘𝑓 =
𝑎2

12
. Viscosity of both water and oil 

is assumed to be 1 cp.  

 

For equal-dimensional fracture model, triangular meshes are used to mesh the computational domain. Some example meshes are 

given in Fig. 3. For lower-dimensional fracture model, each fracture branch is discretized by the same number of line segments. The 

relative permeability of fracture to water and oil takes the usual form of two crossing straight lines as is shown in Fig. 4. Different 



Author et al. / Int. J. of Thermal & Environmental Engineering, 18 (2021) 79-88 

4 

fracture intersection angles 𝛼 and different fracture length/width ratio 
𝑙

𝑎
 are tested to investigate the effect of geometry and scale on the 

transport of multiphase at the fracture intersection. Fig. 5 shows the computational results for the lower-dimensional porous fracture 

model when the fracture length/width ratio is 10. The relative flow rate (actual flow rate divided by Qinj) of water 𝑄𝑤 and oil 𝑄𝑜 as a 

function of time for each outlet branch (branch 2, 3 and 4) are recorded. The test results reveal that the flow rate of both water and oil 

are exactly the same for the three branches and the outflow is evenly distributed among all the outlet branches. Further simulations 

demonstrate that the results are independent of intersection angle (𝛼)  and scale ratio  (
𝑙

𝑎
).  

Fig. 6 shows the corresponding results of equal-dimensional porous fracture model for different α when l/a is fixed as 10. The left 

column displays the water and oil flow rate for each outlet branch while the right column shows the total flow rate (water plus oil) for 
each outlet branch. The results clearly demonstrate that fracture intersection angles can have a significant impact on multi-phase flow 

behavior at the fracture intersections, especially  when the intersection angle is small. It can be observed that outflow is no longer evenly 

distributed among the three outlet fracture branches. Outlet branch 2 that forms the smallest angle with inlet branch 1 (when α=30◦ and 

60◦) has the most amount of flow while the difference of flow rate between branch 3 and 4 is very small. Fig. 7 shows the distribution 

of water saturation at several time steps and we can see that when the displacing water front reaches the fracture intersection, it moves 

first into outlet branch 2, which is dictated by the geometry of the fracture intersection. As α increases to approach 90◦, the difference 

of flow rate among the three outlet branches diminishes.  
Next, we fix the intersection angle α=30◦ and increase the scale ratio and run the equal-dimensional porous fracture model. 

Comparing 

Fig. 6 (a) and Fig. 8, we can see that the scale ratio (
𝑙

𝑎
) can 

also affect flow at the fracture intersection. As the scale ratio 

increases, the difference of flow rates among the three outlets 

gradually decreases and approaches the results of lower-

dimensional fracture model shown in Fig. 9. The overall results 

suggest that the lower-dimensional porous fracture model is 

inadequate to capture the multiphase flow behavior at fracture 
intersections accurately when the fracture intersection angle and 

scale ratio is small. However, if the length of fracture is much 

larger than its aperture, the lower-dimensional porous fracture 

model can provide a good approximation.  
 
 

 
(a) 

 

 
(b) 

Fig. 2. Equal-dimensional fracture model with four fracture 
branches (a); corresponding lower-dimensional fracture model 

with fracture intersection eliminated (b). 

 
 
 
 

 

 

 
(a) 

 
(b) 

 

 
(c) 

Fig. 3. Triangular meshes for equal-dimensional fracture model 
with different intersection angles 𝜶. From top to bottom: 𝜶=30

◦
, 60

◦
 

and 90
◦
. 
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Fig. 4. relative permeability of water (𝒌𝒓𝒘) and oil phase (𝒌𝒓𝒐) as a 

function of water saturation 𝑺𝒘. 

 
Fig. 5. O il and water flow rate of each fracture branch for lower-

dimensional porous fracture model. 
𝒍

𝒂
=𝟏𝟎. The solid lines and 

dashed lines are overlying one another in the figure, respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

  
(a)  

𝒍

𝒂
= 𝟏𝟎,𝜶 = 𝟑𝟎° 

 

         
 (b) 

𝒍

𝒂
= 𝟏𝟎,𝜶 = 𝟔𝟎°    
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(c) 

𝒍

𝒂
= 𝟏𝟎,𝜶 = 𝟗𝟎° 

Fig. 6. Water, oil flow rate (left column) and total flow rate (right column) of each fracture branch for equal-dimensional porous fracture 

model with different intersection angles. 

          
 

(a) t=0.5s                                                          (b) t=0.8s 

 
(c) t=1.0s                                                          (d) t=2.0s 

 
Fig. 7. Distribution of water saturation at different time steps. 

    
( a) 

𝒍

𝒂
= 𝟐𝟎,𝜶 = 𝟑𝟎°   
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( b) 

𝒍

𝒂
= 𝟓𝟎,𝜶 = 𝟑𝟎° 

   
( c) 

𝒍

𝒂
= 𝟏𝟎𝟎,𝜶 = 𝟑𝟎° 

Fig. 8. Water, oil flow rate (left column) and total flow rate (right column) of each fracture branch for equal-dimensional porous fracture 

model with different scale ratios. 

 

   
Fig. 9. Water, oil flow rate (left) and total flow rate (right) of each fracture branch for lower dimensional porous fracture model . 𝒍/𝒂=100 

 

The lower-dimensional and equal-dimensional porous 

fracture model assumes that the fracture can be treated as 

a type of porous media and Darcy’s law applies. To gain 

a deeper insight into the multiphase flow behavior at the 

fracture intersections, we conducted a computational fluid  

dynamics (CFD) study by solving the Navier-Stokes  

equation and employed the volume of fluid (VOF) method 

to track the oil-water interface. The simulation runs are 

performed on a commercial CFD package Ansys Fluent. 

The equal-dimensional fracture model with 𝛼 = 60°  and 
𝑙

𝑎
= 10 is used as the computational domain. The set-up 

of the problem is the same as before except that we change 

the viscosity ratio of oil to water 
𝜇𝑜

𝜇𝑤
 from 0.1, 1 to 10 to 

investigate the effect of viscosity contrast on multiphase 

flow behavior at the fracture intersection. Fig. 10 shows 

the distribution of volume fraction of water at various time 

steps for the three cases. From the figure we can see that 

as the viscosity of oil increases, the displacing water 

penetrates into the oil more quickly. After the displacing 

water front reaches the fracture intersection, distribution 

of water into outlet branches are also affected by the 

viscosity ratio. For the case of μo/μw = 0.1, water is more 

viscous than oil and it displays a preference to flow 

straight into fracture branch 3. For the case μo/μw =1 and 

10, waters distribute more evenly from the intersection 

into the 3 outlet branches.  

Fig. 11 shows the volume flow rate of both water and oil 

at each outlet fracture branch for the 3 cases and it can be 



Author et al. / Int. J. of Thermal & Environmental Engineering, 18 (2021) 79-88 

8 

seen that more fluid flows through fracture branch 3 than 

branch 1 and 4, which is in contradiction to the results of 

equal-dimensional porous fracture model, the results of 

which is shown in Fig. 12. Considering the simplicity of 

Darcy’s law compared to the full Navier-Stokes equation, 

we cannot expect the porous fracture model to be able to 

capture the fluctuations in flow rate displayed in Fig. 11. 

Therefore, we can only compare the results of porous 

fracture model with CFD results qualitatively.  Fig. 6 (b) 

and Fig. 11 (b) agrees reasonably well with each other for 

μo/μw =1. However, large discrepancy occurs for the cases 

of μo/μw =0.1 and μo/μw =10 as is demonstrated by Fig. 11 

(a) and (c) and Fig. 12. Compared to CFD results, the 

porous fracture model overestimates the time it takes for 

water to reach the end of outlet fracture branches for the 

case of μo/μw =0.1 but underestimate the time for the case 

of μo/μw =10. For example, the CFD results show that at 

about 2.5 seconds, water reaches to the end face of all 

three fracture branches when μo/μw =10, but the porous 

fracture model predicts that this will happen at a much 

earlier time at less than 0.5 seconds. The simulation  

results demonstrate that the porous fracture model is much 

more sensitive to the viscosity ratio between displacing 

and displaced phases. 

 

  

 

     
t=0.5s 

     
t=1.0s 

     
t=2.0 s 

     
t=3.0 s 
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Fig. 10. Distribution of volume fraction of water at different time steps. The three columns correspond to μo/μw=0.1, 1 and 10 

 

 
 (a) μo/μw = 0.1 

  
(b) μo/μw = 1 

  
(c) μo/μw = 10 

Fig. 11. Water, oil flow rate (left column) and total flow rate (right column) of each fracture branch for 3 different viscosity rat ios. 

 
Fig. 12. Water and oil flow rate of each fracture branch for equal-dimensional porous fracture model. Left: μo/μw = 0.1;right:μo/μw = 10. 

3. Conclusion 

 

In this work numerical experiments are conducted to 

investigate multiphase flow behavior at fracture intersections. 

The results of equal-dimensional porous fracture model show 
that fracture intersection angle (α) and the scale ratio of fracture 
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length to width (l/a) can affect multiphase flow and transport 

behavior in the fracture intersection. Specifically, the smaller the 

angle α and the smaller the scale ratio l/a, the bigger the 

difference of flow rates among the outlet fracture branches. As 

α approaches to 90°  and/or l/a increases, the difference 

gradually decreases. The lower-dimensional porous fracture 

model uses star-delta transformation to eliminate fracture 

intersection in the computational domain. As a results, the model 

cannot capture the effect of fracture intersection angle or scale 
ratio on fluid flow. On the other hand, results of CFD simulation 

demonstrate that the porous fracture model is much more 

sensitive to viscosity contrast between the displacing phase and 

the displaced phase. When the displacing phase is more viscous, 

the porous fracture model overestimates the time it takes for the 

phase to reach the outlet, but the model will give an 

underestimation when the displaced phase is more viscous.  
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